Introduction
All rings in this paper are commutative with unity; we will deal mainly with integral domains. Let R be a ring with total quotient ring K. A fractional ideal I of R is invertible if II −1 = R; equivalently, I is a projective module of rank 1 (see, e.g., [Eis95, Section 11.3]). Here, I
−1 = (R : I) = {x ∈ K | xI ⊆ R}. Moreover, a projective R-module of rank 1 is isomorphic to an invertible ideal. (We use the term "ideal" in the sense of an integral ideal).
We denote the minimal number of generators of an ideal I of R by ν R (I). If R is a Dedekind domain, equivalently, a domain in which each nonzero ideal is invertible, then ν R (I) ≤ 2 for each nonzero ideal I; moreover, I is strongly 2-generated, in the sense that one of the generators can be an arbitrary nonzero element of I. A Dedekind domain is characterized as an integrally closed Noetherian domain of Krull dimension 1. It turns out that of these three properties, Krull dimension 1 always implies that an invertible ideal is 2-generated, as was shown by Sally and Vasconcelos in [SV74] . R. Heitmann generalized this fact to arbitrary finite Krull dimension: an invertible ideal of an n-dimensional domain R is strongly n + 1-generated (see Section 3). Moreover, this result is sharp, in the sense that for each n ≥ 1 there exists an n-dimensional domain R, even Prüfer, with an invertible ideal requiring n + 1 generators: see the examples in Sections 3, 4 and 5.
The general problem of determining the minimal number of generators for an invertible ideal of a domain was first studied by Gilmer and Heinzer in [GH70] . Among other fundamental results, they provide sufficient conditions for an invertible ideal to have the property that it can be generated by two elements. The question whether a finitely generated ideal of a Prüfer domain can be always be generated by 2 elements was first raised by Gilmer around 1964 [Swa84] . Recall that a Prüfer domain is an integral domain in which each nonzero finitely generated ideal is invertible. In a 1979 paper Schülting gave an example of a Prüfer domain with an invertible ideal that cannot be generated by 2 elements. Schülting's result was generalized by Swan and Kucharz. We discuss in Sections 4 and 5 the different approaches used by these authors. In Section 4 we give a new, more direct proof of Schülting's example, and in Section 5, we elaborate on some steps in the proof of Kucharz's theorem on holomorphy rings of finitely generated ideals. In doing so we highlight his method for constructing in a formally real function field of degree n > 0 over a real closed field an invertible ideal in the holomorphy ring that cannot be generated by n elements.
These approaches to the n-generator property in holomorphy rings are related to an unpublished example of Chase that dates back some 45 years of an affine R-domain of Krull dimension n that has an invertible ideal that cannot be generated by n elements (the n-generator property means that every finitely generated ideal is n-generated). Swan provided a proof for Chase's example in [Swa62] . Later, in [Gil69a] , Gilmer provided a more direct proof for Chase's example. We review Chase's example in Section 3, and we observe that Gilmer's argument extends to affine domains over formally real fields by using an algebraic version of the Borsuk-Ulam theorem for polynomial mappings.
In Section 6, we use reductions of ideals to obtain sufficient conditions for a Prüfer overring of a Noetherian domain to have the n-generator property.
The construction of many examples is over a formally real field. We recall that a field K is formally real if −1 is not a sum of squares of elements in K; K is formally real if and only if it admits a total order. A field K is real closed if it is formally real, and it is not properly contained in a formally real field that is algebraic over K. Thus R is real closed.
Of course, this survey is not exhaustive.
Two-generated invertible ideals
In this section we discuss briefly the special case of invertible ideals that can be generated by two elements. We define for invertible ideals I and J of a domain A:
In [MS76] Murthy and Swan give the following characterization of twogenerated invertible ideals. (i) I is 2-generated.
(ii) I ⊕ I −1 is free (that is,
(iii) β(I, I) = 0.
Since the image of the map β in the preceding theorem is contained is SK 0 (A), it follows that if SK 0 (A) = 0, then every invertible ideal in A is 2-generated [MS76, Corollary 6.4]. As shown in [MS76] , the converse is false in general, but one of the partial converses presented in the cited paper is used to provide examples of invertible ideals of Noetherian rings of Krull dimension 2 that require more than 2 generators [MS76, Corollary 6.7].
Gilmer and Heinzer note in Lemma 1 of [GH70] that if I is a finitely generated ideal of a domain R, then ν R (I/I
2 ) ≤ ν R (I) ≤ ν R (I/I 2 ) + 1. In particular, if I/I 2 is a principal R-module, then I is 2-generated. The converse is false in general, even for invertible ideals in a Prüfer domain, as shown in [GH70, Example 1].
In a recent paper McAdam and Swan introduce a special class of invertible 2-generated ideals. An ideal I of a domain R is an S-ideal if there exists an ideal J of R such that I + J = R and IJ is a principal ideal. By [MS05, Proposition 1.5], an ideal I in an arbitrary domain is finitely generated and I/I 2 is principal if and only if I is an S-ideal. Thus S-ideals are invertible and 2-generated. By [MS05, Corollary 1.7], a nonzero fractional ideal is isomorphic to a an S-ideal if and only if it is invertible and 2-generated. However, an integral ideal that is isomorphic to an S-ideal is not necessarily an S-ideal. Indeed, let R be an integral domain with a nonzero Jacobson radical; in particular, we may consider a DVR. Then, if a is a nonzero element in Jac(R), the ideal aR is principal, so is isomorphic to the S-ideal R, but there is no ideal J so that aR + J = R (cf. [MS05, Corollary 1.7]). Moreover, if every 2-generated ideal in an integral domain R is an S-ideal, that is, if I/I 2 is principal for each 2-generated ideal I, then each finitely generated ideal is an S-ideal, thus it is a 2-generated invertible ideal; hence R is a Prüfer domain (cf. [Sch79, Proposition 3.4]).
If I is a nonprincipal 2-generated invertible ideal, then there exists an infinite sequence x 1 , x 2 , x 3 , . . . of distinct elements of I so that I is generated by x i and x j for all i = j (see [MS05, Proposition 1.8] and its proof). Moreover, assuming that I is an S-ideal, the previous statement can be extended to all powers of I as follows:
Let I be a nonprincipal 2-generated invertible ideal of a domain R. Then there is an infinite list x 1 , x 2 , x 3 , . . . of distinct elements of I such that if n ≥ 1 and if y and z are monomials of degree n consisting of products of powers of some of these x i such that no x i appears in both y and z, then I n = (y, z)R.
3 n-generated invertible ideals
In [Bas61, p. 541] Bass attributes to Chase an example for each n > 0 of an affine R-domain D n of Krull dimension n such that D n has an invertible ideal I n with ν(I n ) = n + 1. , if X is a compact Hausdorff space, then the finitely generated projective modules over the ring C(X) of continuous Rvalued functions on X are, up to isomorphism, the modules of global sections of the vector bundles over X. We will use this correspondence between projective modules and vector bundles in Chase's example. Let γ 1 be the standard real line bundle over the real projective space X = P n . Recall that P n is the set of lines through the origin of R n+1 , and that for each l ∈ P n the fibre at l is the line l itself, more precisely, is the set of all pairs (l, z), where z ∈ l. We may identify P n with the sphere S n having each pair of antipodal points z and −z identified. Hence, the ring of continuous functions C(P n ) can be identified with the ring of continuous functions f :
; that is, with the ring of even continuous functions on S n . We consider the module of global sections of γ 1 as the set of all continuous functions f : P n → R n+1 so that f (l) ∈ l for each line l ∈ P n . We may view such a function f as defined on S n and satisfying f (z) = f (−z) = ϕ(z)z for some continuous real function ϕ(z) : S n → R. Thus we may identify f with ϕ, which is an odd function, since f is even. Hence the module of global sections of γ 1 may be identified with the set of odd continuous functions. As proved in [Swa62] , the module of global sections of γ 1 requires n generators. Moreover, the module of global sections of γ 1 ⊕ σ k , where σ is the trivial line bundle requires n + k generators. Restricting everything to polynomials, we have the following Theorem 3.1. (Chase) Let D n be the subring of
consisting of the cosets of the even polynomials. Let I n be the D n -module (x 0 , . . . , x n )D n . Then D n has Krull dimension n, I n is an invertible fractional D n -ideal, and ν Dn (I n ) = n. More generally, for each k ≥ 0, the minimal number of generators of the projective D n -module I n ⊕ D k n equals n + k.
That D n has Krull dimension n follows from the fact that the Krull dimension of an affine domain equals the transcendence degree of its fraction field.
Note that the even polynomials mentioned in the theorem are the polynomials in which all monomials are of even degree, thus
. Also the set of cosets of odd polynomials is I n .
In [Gil69a] Gilmer gives a brief and direct justification for a similar example over R. We will present Gilmer's proof in the case k = 0 and for an arbitrary formally real field, using an algebraic version of the Borsuk-Ulam Theorem for polynomials: each n odd polynomials have a common zero on the sphere S n . This version of the Borsuk-Ulam theorem was proved by Gilmer Proof. Let f 1 , . . . , f n be odd polynomials in K[X 1 , . . . , X n , X n+1 ], where K is a real closed field, and let F 1 , . . . , F n be their homogenizations. Since each monomial occurring in f i for 1 ≤ i ≤ n is of odd degree, we see that X 0 occurs in F i just in even degrees (these degrees are the differences between deg f i and the degrees of the monomials occurring in f i ). For each 1 ≤ i ≤ n, plug in
. . , X n+1 ) of odd degree. By the real Bézout's Theorem (see [Sha94, Section 2.2, Chapter IV] and [Lan53] ) the n polynomials G i (which are of odd degrees) have a common zero (a 1 , . . . , a n+1 ) so that not all a i are zero. Since K is real closed, we may replace each a i by
, thus we may assume that
With this general version of the Borsuk-Ulam theorem, we can extend Gilmer's proof of Chase's example to formally real fields:
Proof. We may replace K with its real closure, since if the image of I n = (x 0 , . . . , x n ) in the resulting ring cannot be generated by n elements, neither can I n . Thus we assume that K is a real closed field. The fractional ideal I n of D n is clearly invertible. It consists of all the cosets of odd polynomials in K[X 0 , . . . , X n ]. If I n is generated as an D n -module by n elements, then these elements (viewed as functions S n → K) have a common zero by the BorsukUlam Theorem as quoted above, although x 0 , . . . , x n have no common zero on S n , a contradiction.
Since D n−1 is a homomorphic image of this ring, it follows from Theorem 3.1 that the invertible ideal I = X 1 (X 1 , . . . , X n ) cannot be generated by less than n elements. Note that I 2 = (X 2 1 ) is a principal ideal. By Theorem 3.1, for each n > 0, there is an integral domain of Krull dimension n with an invertible ideal I so that ν(I) = n + 1. The bound n + 1 is sharp. The case n = 1 was proved by Sally and Vasconcelos in [SV74] . The general case is due to Heitmann:
Then each invertible ideal of R is strongly (n + 1)-generated (that is, one of the generators can be arbitrarily chosen).
For a converse, a strongly 2-generated ideal in an arbitrary domain is invertible [LM88, Theorem 1].
We sketch the proof of Theorem 3.2 just for Prüfer domains. See also Section II.2.3 of [FHP98] . Let R be a Prüfer domain, let A be a finite set of nonzero finitely generated ideals of R, and let P be a prime ideal of R. We define m(P, A) as the maximal k for which there is a chain
Since R is Prüfer, a radical ideal of P R P is prime, hence m(P, A) ≤ htP ≤ n. We say that an element a ∈ R generates the ideal I at a prime P if I P = R P a. We now complete the proof of Theorem 3.2: Let r be an arbitrary nonzero element of R, and let {x 1 , . . . , x m } be a finite set of nonzero generators of I that contains r. We proceed by descending induction on n starting with n = dim R. For the sake of clarity we assume that n = 2. Let A = {x 1 I −1 , . . . , x m I −1 }. Let C 2 be the set of primes P in A 2 with m(P, A) = 2. The set C 2 is closed by Lemma 3.3 (ii), hence by Lemma 3.3 (i), there exists an element y 2 ∈ R that generates I at every prime in C 2 . Let A 1 be the set of primes at which y 2 does not generate I, thus A 1 = support I/(y 2 ) is a closed set of primes. Clearly, m(P, A) ≤ 1 for all P ∈ A 1 (if P is a prime so that m(P, A) > 1, then, by construction, y 2 generates I at P , thus P / ∈ A 1 ). Let C 1 be the set of primes P in A 1 with m(P, A) = 1. Again, C 1 is a closed set of primes, and there exists an element y 1 of I that generates I at every prime of C 1 . Finally, let A 0 = support I/(y 2 , y 1 ). As before, m(P, A) = 0 for all P ∈ A 0 ; since the ideals x i I −1 R P are comparable in R P , we see that all of them are equal. Hence each x i (in particular, the given element r) generates I at every prime in A 0 . We conclude that the set {y n , . . . , y 1 , r} generates I at every prime of R, thus it is a set of generators for I.
If R is a Prüfer domain and M is a projective R-module of finite rank d, then M is isomorphic to a direct sum of d ideals [Proposition 6.1, CE56]. Thus if R has Krull dimension n, then by Theorem 3.2, M can be generated by d(n + 1) elements. A stronger result, due to Heitmann, is true:
If R is a Prüfer domain of dimension n and M is a rank d projective R-module, then M may be generated by n + d elements.
Schülting's example
In [Sch79] Schülting proved using techniques from valuation theory and the geometry of curves, in particular Bézout's Theorem, that if F = R(X, Y ), then the fractional ideal (1, X, Y ) of the real holomorphy ring of F cannot be generated by 2 elements. See also [FHP97] . In this section we give a relatively simple proof of Schülting's example.
The real Bézout Theorem
Before discussing Schülting's example, we review some material related to the real Bézout Theorem, although we will not use the theorem itself. Let K be a field. Let F (X 0 , X 1 , X 2 ) be a homogeneous form of positive degree in
] for all i. Two parametrizations x(t) and x (t) are equivalent if there is a power series ϕ(t) ∈ tK [[t] ] so that x (t) = x(ϕ(t)). A place of the curve F in the sense of [Wal62, §2.2,Chap. IV] is an equivalence class of irreducible parametrizations. If F is irreducible, then such a place induces a place in the usual sense (and so, a valuation) on the quotient field of
If G is a homogeneous form, and x(t) is a parametrization of F , then the order of G at x(t), is defined as ord t G(x(t)).
We will use in Schülting's example the following real version of [Wal62, Theorem 5.5], which is related to the real Bézout Theorem:
Proposition 4.1. Let K be a real closed field, and let F (X 0 , X 1 , X 2 ) and G(X 0 , X 1 , X 2 ) be two nonzero coprime homogeneous forms over K of degrees m and n. Then the sum of the orders of G at all the places of F over K is congruent modulo 2 to mn.
Proof. Since K is real closed, the algebraic closure of K equals K(i). The sum of the orders of G at all places of F over K(i) is equal to mn by [Wal62, Theorem 5.5]. On the other hand, parametrizations of F over
; moreover, the order of G at two conjugate parametrizations is the same. The Proposition follows.
Proposition 4.2. Let K be a real closed field. Then a polynomial of odd degree in K[X 1 , . . . , X n ], where n ≥ 2, has infinitely many roots in K n .
Proof. By changing indeterminates, it is enough to consider a polynomial f of odd degree that is monic in X n , and so that its total degree equals its degree in X n . Hence for each sequence (a 1 , . . . , a n−1 ) in K n−1 , the polynomial f (a 1 , . . . , a n−1 , X n ) ∈ K[X n ] has a root in K since it is of odd degree and since K is real closed.
For the next Proposition, recall that if f is a nonzero polynomial in K[X, Y ], then [0, x, y] is a zero of the homogenization of f if and only if (x, y) is a zero of the leading form of f ; thus there is a one-to-one correspondence between the zeros of f at infinity and the nontrivial zeros of the leading form of f . Proposition 4.3. Let K be a real closed field, and let f be a nonzero polynomial in K[X, Y ]. Then the number of zeros of f at infinity, counting multiplicities, is finite and it is congruent modulo 2 to its degree.
Proof. Let H be the form of highest degree in f . Since K is real closed, we may decompose H over K as follows
Real holomorphy rings
Let F be a formally real field, and let D be a subring of F . By a valuation ring V of F |D we mean a valuation ring V such that D ⊆ V ⊆ F and V has quotient field F . The real holomorphy ring H(F |D) of F |D is the intersection of all formally real valuation rings V of F |D (that is, the valuation rings containing D and having formally real residue field and field of fractions F ). The real holomorphy ring is a Prüfer domain; see for example [Gil69b] . In case K is a real closed field and F |K is a formally real function field (i. e. a formally real finite field extension of K), then the real holomorphy ring of F |K has Krull dimension equal to the transcendence degree of F |K; see for example [Olb] , where the ideal theory of holomorphy rings of function fields is discussed. We will use the following simple criterion in the proof of Schülting's example.
Proposition 4.5. Let F be a formally real field, and let D be a subring of F . Let H be the real holomorphy ring of F |D. Let f 1 , . . . , f n+1 be elements of F . Then the minimal number of generators of the fractional ideal (f 1 , . . . , f n )H is n if and only if there is no unit u ∈ H so that u(f
Proof. This is a consequence of the fact that in a real holomorphy ring H, if a 1 , . . . , a n ∈ F , then (a 1 , . . . , a n ) 2 H = (a 2
Proposition 4.6. Let K be a formally real field, and let H be the real holomorphy ring of K(X 1 , . . . , X n ) with respect to K. Then: As for statement (ii), let F and G be the homogenizations of f and g, respectively. Thus the function F G (x 0 , . . . , x n ) is bounded on the set of points ([x 0 , . . . , x n ] over K so that x 0 = 0, and G(x 0 , . . . , x n ) = 0. It follows that each zero of G over K is also a zero of F . By symmetry, we see that F and G have the same zeros over K.
Remark 4.7. If K is a formally real field and φ and ψ are rational functions in the real holomorphy ring H of K(X 1 , . . . , X n ), not both of them zero, then We may extend the previous remark to obtain a proof of a strong form of Proposition 4.5 above for the real holomorphy ring of K(X 1 , . . . , X n ). Indeed, we obtain an alternate proof of Corollary 5.2 (see below) for purely transcendental extensions of real closed fields:
If a 1 , . . . , a n are elements of H, then for k ≥ 1 we have
and this immediately implies the above mentioned equivalence (recall that all the norms on R n are equivalent).
Proof of Schülting's example
In this section we give a proof for Schülting's example:
Theorem 4.8. (Schülting [Sch79] ) Let K be a formally real field, and let H be the real holomorphy ring of K(X, Y ). Then the fractional ideal (1, X, Y )H of H requires 3 generators.
Proof. By Lemma 4.4 we may assume that K is a real closed field. Assume by contradiction that the fractional ideal (1, X, Y ) is 2-generated. By Proposition 4.5 there exist rational functions φ, ψ in K(X, Y ) so that u := Assume that the polynomial h has infinitely many zeros in K 2 . Since h and s are coprime, they have just finitely many zeros in K 2 . Similarly, also f and g have just finitely many zeros in K 2 . Thus h has a zero p in K 2 , so that s(f 2 + g 2 ) does not vanish at p. This again contradicts the assumption that u is a unit. It follows that h has just finitely many zeros. Similarly, s has just finitely many zeros. Since a polynomial of odd degree has infinitely many roots in K by Lemma 4.2, it follows that s and h have no factors of odd degree.
We may assume that deg φ ≥ deg ψ, thus by Lemma 4.6, deg φ 2 = deg(1 + X 2 + Y 2 ) = 2. Hence deg φ = 1. Since φ = sf h deg s and deg h are even, it follows that deg f is odd. First assume that deg φ > deg ψ. The number of zeros at infinity in P 2 (K), counting multiplicities, of a nonzero polynomial in K[X, Y ] is finite and it is congruent modulo 2 to its degree (Proposition 4.3). Applying this to the polynomials s, t and f , we obtain that u or u −1 is not bounded, contradicting our assumption that u is a unit in H. Now assume that deg φ = deg ψ = 1, thus both f and g have odd degrees. The polynomial f has a prime factor q of odd degree. By Proposition 4.1, the sum of the orders of G (the homogenization of g) at all the places of Q over K((t)) is odd; and for H and S these sums are even. Thus summing ord t (G(x(t)) + ord t (S(x(t)) + ord t H(x(t)) for all places of Q over K((t)) we obtain an odd integer. It follows that there exists a parametrization x(t) of
] so that ord t G(x(t)) + ord t S(x(t)) + ord t H(x(t)) is odd. There exist polynomialsx 0 (t),x 1 (t),x 2 (0) ∈ K[t] so thatx i (t) ≡ x i (t) (mod t m ) for each i, where m = max(ord t G(x(t)), ord t S(x(t)), ord t H(x(t))), and S(x(t)) and G(x(t)) do not vanish (if, e.g., x 0 (t) = ∞ i=1 a i t i , and x 0 (t) = r i=1 a i t i , where r > m, then ord t (x 0 (t)) = ord t (x 0 (t)). Moreover, e.g., if G(x(t)) = 0 for all choices ofx(t) for r >> 0, then G(x(t)) = 0, a contradiction).
Recall that u =
Then ord t z(t) is congruent to 2 modulo 4, hence is not zero. Thus we may write z(t) = t m z 0 (t), where m is nonzero, and
is not bounded. If m < 0, then u is not bounded. This contradicts the fact that u is a unit in H.
The preceding proof has a natural meaning. We use the notation of the proof. Since F and G are of odd degrees, by the real Bézout Theorem, the number of the K-points of intersection of the curves F and G is odd, counting multiplicities. Similarly, the number of the common K-zeros of F and S, and also of F and H, is even. Assume that all these intersection points are simple and that F , G and S have no common K-zeros. It then easily follows that either H has a K-zero that is not a zero of S(F 2 + G 2 ), or conversely. In either case u is not a unit in the holomorphy ring (this is easily obtained even without assuming that G and S have no common K-zeros). In order to get rid of the additional assumptions of simplicity, we count points over K [[t] ] rather than over K; more precisely, we use places as in Proposition 4.1.
In [Swa84] Schülting's result is extended as follows [Swa84, Theorems 1 and 2]:
1. For any integer n ≥ 1, there is a Prüfer domain R of Krull dimension n and an ideal I n of R with ν R (I n ) = n + 1. 2. There is a Prüfer domain R such that for every integer n ≥ 0 there is an ideal I n of R with ν R (I n ) = n + 1.
To prove these theorems, Swan uses Chase's example.
Kucharz's Theorem
Kucharz has obtained the most general result regarding the n-generator problem and holomorphy rings:
Let K be a real closed field, and let F be a formally real function field over K of transcendence degree n. Then the real holomorphy ring of F |K has an invertible ideal I that cannot be generated by n elements.
We describe briefly the proof of Kucharz's Theorem. We highlight mainly the construction of the ideal I in the statement of the theorem by combining results from [BS86] , [Kuc89] and [Kuc91] . Let K be a real closed field, and let F |K be a formally real function field of transcendence degree n > 0. By a K-variety we mean an integral separated scheme of finite type over K. For a projective K-variety X with function field F , we denote by O X the structure sheaf on X. Since F is formally real, the set X(K) of K-rational points is nonempty [BJ85, Theorem 1.1], and since K is real closed, X(K) is precisely the set of points x of X such that x is the center of a K-rational valuation on F |K [BS86, Remark 3.4]. Finally we define R(X) = x∈X(K) O X,x .
As we shall see in the course of the proof, for each projective K-variety X with function field F , the maximal ideals of the Noetherian regular domain R(X) cannot be generated by n elements (where as above n is the transcendence degree of F |K), and these maximal ideals extend to finitely generated ideals of the real holomorphy ring of F |K that cannot be generated by n elements. Moreover, each maximal ideal of R(X) can be extended to an invertible prime ideal of a Noetherian overring of R(X) (defined in terms of the chosen maximal ideal) that cannot be generated by n elements.
(1) There exists a nonsingular projective K-variety X with function field F . Since K has characteristic 0 this is a consequence of Hironaka's resolution of singularities [Hir64] .
(2) There is a regular Noetherian affine K-domain D such that X(K) ⊆ Spec(D) ⊆ X and R(X) = D S , where S = D \ x∈X(K) m x and m x is the ideal of functions of D vanishing at x. This is proved in Proposition 3.3 of [BS86] . Here the assumption that K is not algebraically closed is essential. For in this case there is a form f ∈ K[X 0 , X 1 , . . . , X n ] that has no nontrivial zero over K. Thus X(K) lies in the complement U of the zero-set of f , and this complement is affine. Let D = K[U ], the coordinate ring of U . Thus D is a regular affine K-domain. Then, as in [BS86, Proposition 3.3], R(X) = D S .
(3) The ring R(X) is a Noetherian regular domain whose maximal ideals are precisely the ideals of the form m x R(X), x ∈ X(K). This follows from (2); see [BS86, Proposition 3.3] .
(4) Fix x ∈ X(K), and let π : Y → X be the blow-up of X at the point x. Then m x R(Y ) is the ideal of functions of R(Y ) that vanish on the K-rational points of π −1 (x). This is proved in Lemma 4.5 of [Kuc89] for the case K = R but the proof extends without modification to the case where K is a real closed field. (6) If φ : Z → Y is a composition of finitely many blowing-ups along nonsingular centers, then m x R(Z) cannot be generated by n elements. This is the crux of the proof. It involves calculations in the Chow group of the rational equivalence classes of cycles on Z of codimension n; see Lemma 4 and pp. 5-6 of [Kuc91] .
(7) If x ∈ X(K), then m x H cannot be generated by n elements. By way of contradiction, suppose that m x H is generated by n elements. The ring H is isomorphic to a direct limit of the rings R(Z), where Z ranges over the projective K-varieties that are compositions of finitely many blowingups along non-singular centers; see for example [BS86, Proposition 3.5]. From this it follows that there is such a projective K-variety Z such that m x R(Z) can be generated by n elements. But this contradicts (6), so m x H cannot be generated by n elements.
To exemplify Kucharz's construction we start with the R-projective variety X = P n (R), thus K = R and F is the field of rational functions in The blow-up of X = P n (R) at x = [1, 0, . . . , 0] is given by π : Y → X, where Y is the closed subvariety of P n (R) × P n−1 (R) defined by the equations x i y j = x j y i for i, j = 1, . . . , n (here a point in P n (R) is denoted by [x 0 , . . . , x n ], and a point in P n−1 (R)) is denoted by [y 1 , . . . , y n ]). The ring of rational functions on Y is the field of rational functions that are homogeneous of degree 0 both in X 0 , . . . , X n and in Y 1 , . . . , Y n in the fraction field of the integral domain
. . , x n ; y 1 , . . . , y n ]. Since yi yj = xi xj , we see that this field equals K(x 0 , . . . , x n ). The ring D is canonically embedded into R(Y ). The ideal m x R(Y ) is generated by the n + 1 elements x0xi x 2 0 +...+x 2 n for 1 ≤ i ≤ n and
we have
The extension of the ideal m x to H(F |R) cannot be generated by less than n elements by Kucharz's Theorem. Using Kucharz's theorem and an argument similar to Proposition 4.5, one obtains: This criterion is significant for the theory of real holomorphy rings to the classical problem of sums of squares in function fields, as in Hilbert's 17th problem.
In [BK89] Buchner and Kucharz consider in the case K = R the question of when (in the above notation) a finitely generated H-subalgebra of F has the property that every finitely generated ideal can be generated by n elements. Let D be a finitely generated K-subalgebra of F such that D has quotient field (i) Every finitely generated ideal of the real holomorphy ring of F |D can be generated by n elements. (ii) V (D) has no compact connected component.
Prüfer domains and the n-generator property
In this section we first make some observations regarding reductions of ideals of a domain D and the n-generator property for Prüfer domains containing D. If I is a finitely generated ideal of D, then an ideal J ⊆ I is a reduction of I if there exists k > 0 such that I k+1 = JI k ; equivalently, the integral closure of I is the integral closure of J [BH93, Exercise 10.2.10]. Katz proves in [Kat94, p. 80 ] that if D is a Noetherian domain of Krull dimension n having infinite residue fields, then every ideal of D has a reduction that can be generated by n + 1 elements.
Lemma 6.1. Let D be a domain, and let R be an overring of D. If I is a fractional ideal of D that is isomorphic to an ideal with an n-generated reduction and IR is an invertible ideal of R, then IR can be generated by n elements.
Proof. By assumption there exists a nonzero element q in the quotient field of D and an n-generated ideal J of D such that (qI) k+1 = J(qI) k for some k > 0. Then (qI) k+1 R = J(qI) k R, and since qIR is invertible, IR = q −1 JR. Hence IR can be generated by n elements.
Proposition 6.2. Let D be a domain, let n > 0 and let R be a Prüfer overring of D. If every finitely generated ideal of D is isomorphic to an ideal of D that has an n-generated reduction, then every finitely generated ideal of R can be generated by n elements.
Proof. Since every finitely generated ideal of R is invertible, this follows from Lemma 6.1 and the fact that every finitely generated ideal of R is extended from a finitely generated fractional ideal of D.
Applying results from the literature on n-generated reductions, we obtain: Corollary 6.3. Let D be a Noetherian domain of Krull dimension n, and let R be a Prüfer overring of D. Then in each of the following cases R has the property that every finitely generated ideal can be generated by n elements.
(i) D has a nonzero Jacobson radical and infinite residue fields.
Proof. Statement (i) follows from a theorem of Katz which states that under the assumptions in (i) any ideal contained in the Jacobson radical of D has a n-generated reduction [Kat94, p. 80]. Thus if I is an ideal of D and x is a nonzero element of the Jacobson radical of D, then xI has an n-generated reduction. Hence by Proposition 6.2 every finitely generated ideal of R can be generated by n elements. Statement (ii) follows from Proposition 6.2 and the fact that in case (ii), ideals of D have n-generated reductions; see [Lyu86] . Proof. By Theorem 5.4 the relative real holomorphy ring H of F |D has an ideal that cannot be n-generated. Hence by Proposition 6.2 D has an ideal that does not have an n-generated reduction.
As noted above, Katz has shown that if D is a Noetherian domain of Krull dimension n having infinite residue fields, then every ideal of D has an (n+1)-generated reduction. Using the proof of Kucharz's theorem (Section 5), we can give an example that illustrates the sharpness of this bound in a strong way. Our notation is that of Section 5.
Proposition 6.5. Let K be a real closed field and let F |K be a formally real function field of transcendence degree n > 0. Let X be a nonsingular projective K-variety with function field isomorphic to F . Then R(X) is a regular Noetherian domain such that every maximal ideal has height n but no maximal ideal has an n-generated reduction.
Proof. Let m be a maximal ideal of R(X). Then by observation (3), Section 5, m = m x R(X) for some x ∈ X(K). By (7), mH cannot be generated by n elements. Hence by Lemma 6.1, m cannot have an n-generated reduction.
In order to obtain interesting invertible ideals in a Prüfer domain, a Prüfer domain containing a field needs to be an intersection of sufficiently many valuation overrings. The following observation, which does not seem to have been noted before makes this last statement more precise.
Theorem 6.6. Let λ be a cardinal and let K be a field of cardinality > λ. Then, an intersection of λ valuation domains containing K and that are contained in a common field is a Bézout domain.
Proof. Let V be a set of λ valuation domains as in the Theorem, and let T be the intersection of the rings in V. Let f and g be nonzero elements of T . Let V ∈ V. Suppose that there exists a scalar c in K such that f + cg is not a generator of the ideal (f, g)V . Since for each scalar a = c, we have (f + ag, f + cg)V = (f, g)V , and since V is a valuation domain, we obtain that f +cg f +ag ∈ V . Hence f + ag is a generator of the ideal (f, g)V . It follows that for each V ∈ V there is at most one scalar c V so that the element f +c V g does not generate the ideal (f, g)V . Thus for all scalars a, except for at most λ scalars, the element f + ag generates the ideal (f, g)V for all V ∈ V. Since |K| > λ, there exists such a scalar a. Hence Theorem 6.7. (Houston [Hou] ) Let I be an ideal of R not contained in M such that ϕ(I) is an n-generated ideal of D and IT is an m-generated ideal of T . Then I can be generated by max{2, n, m} elements of R.
An example given in [Hou] shows that if I ⊆ M , then the number of generators of IT is not enough to determine the number of generators of I.
Conjectures
We end with some generalities. Let R be a domain with a finitely generated invertible ideal I = (x 1 , . . . , x n )R. Hence there exist elements y 1 , . . . , y n in the field of fractions of R so that x i y j ∈ R for all i, j and n i=1 x i y i = 1. Thus we conjecture Conjecture 7.1. Let k be an integral domain. Let
Then the the minimal number of generators up to radical of the prime invertible ideal (X 1 , . . . , X n ) of R is n.
We obtain an equivalent conjecture, if we replace the ring R by
Clearly, it is enough to prove this conjecture for k a field. If we require in Conjecture 7.1 that the minimal generators of I is n, then, in this formulation the conjecture holds at least if k is a formally real field.
Here is an equivalent formulation of Conjecture 7. We now present the background for Conjecture 7.2 below. Let T be a Prüfer domain with a finitely generated ideal I = (x 1 , . . . , x n )T with ν T (I) = n. Thus there exist elements y 1 = a1 b1 , . . . , y n = an bn in the field of fractions of T so that a i , b i ∈ T for all i; x i y j ∈ T for all i, j and n i=1 x i y i = 1. Let R be the subring of T generated by the elements x i , a i , b i . Then R is a Noetherian domain, and the ideal (x 1 , . . . , x n )R requires n generators. If T contains a field k, we may choose for R an affine subring of T over k. Swan's example [Swa84, Theorem 1] is a Prüfer overring of Chase's example, and it is obtained by using the fact that a sufficient condition for a domain R of characteristic = 2 to be Prüfer is that 1 1+x 2 ∈ R for all x ∈ Qf (R) (for other variants see [Swa62] ). If we take the smallest overring containing Chase's example D n that contains for t 1 , . . . , t m in K the element 1 +
, then we obtain the real holomorphy ring of R(X 0 , . . . , X n ).
Motivated by these examples, we conjecture that we can start with a "generic" affine example and extend it to a Prüfer domain with a finitely generated ideal which requires n generators, as follows.
A necessary and sufficient condition for a domain R to be Prüfer is that for each nonzero element x ∈ Qf (R) there exists an element t ∈ R so that tx, 1−t x ∈ R (see [Gil68, Part II., Theorem (21.2)(f)]). The ring P ∞ (R) is constructed using this property ( [FHPR93] and [FHP97, Section 8.3] . Note that P ∞ (R) is not an overring of R.
Conjecture 7.2. Let k be a field, and let R = k[X 1 , . . . , X n , {X i Y j },
1
XiYi ]. Then, the ideal (x 1 , . . . , x n ) of P ∞ (R) requires n generators up to radical.
